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Module -11

LINEAR DIFFERENTIAL EQUATIONS OF SECOND
AND HIGHER ORDER

11.1 Introduction

A differential equation of the form F (x y dy d ﬂ):O in which the
) ) dxl dX2 ) ) d)z(n
. . o . dy d D
dependent variable y(x) and its derivatives viz. ﬁ , d—XZ etc occur in first

degree and are not multiplied together is called a Linear Differential Equation.
11.2 Linear Differential Equations (LDE) with Constant Coefficients

A general linear differential equation of n™ order with constant coefficients is
given by:

dn—ly

dxnh—1

dn d
kOdTZJr ky +————+kn_1d—1+ k,y = F(x)

where k's are constant and F (x) is a function of x alone or constant.

=>(k0Dn+ len_1+____+kn_1D+ kn)y:F(X)
— n — ﬁ n-1 — dnr = i
Or f(D)y = F(x), where D" = = D" = o=, ..., D = —arecalled

differential operators.

11.3 Solving Linear Differential Equations with Constant Coefficients
Complete solution of equation f(D)y = F(x) is givenby y = C.F+P.L
where C.F. denotes complimentary function and P.I. is particular integral.
When F(x) = 0, then solution of equation f(D)y = 0 is given by y = C.F
11.3.1 Rules for Finding Comnlimentary Function (C.F.)

Consider the equation f(D)y = i (x)
= (kgD™"+ k. D" '+ ————+4+k,_ D+ k,)y =F(x)

Step 1: Put D = m, auxiliary equation (A.E) is given by f(m) = 0
= kom"+ kym"t+————+4+k,oom+ k, =0...... ®)
Step 2: Solve the auxiliary equation given by (3
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I.  If the nroots of A.E. are real and distinct say m,, m,,... m,
CF.= cie™* + c,e™* + .- 4 ¢, e™*
II. If two or more roots are equal i.e. my=m,=...=my, k <n
CF. = (c;+ cx + c3x2 + -+ + cpx D e™* + ... 4 ¢, e™n¥
III.  If A.E. has a pair of imaginary rootsi.e. my =a+if,m, =a—if

CF.= e"“(cqycosPx + c, sinPx) + cze™* + .-+ c,e™n*

IV. If 2 pairs of imaginary roots are equal i.e. m; = m, = a +1ip,
m3 - m4_ =a— 1 B
CF. = e™[(c; + cy3x) cosPx + (c3 + cux)sinPx] + -+ + c,e™*

2
Example 1 Solve the differential equation: 3— — 8 d -t 15y =0

2
Solution: = (D% — 8D +15)y =0
Auxiliary equation is: m? —8m + 15 = 0

= (m—-3)(m—-5)=0

=> m=35

C.F.= ¢e3* + c,e>

Since F(x) = 0, solution is given by y = C.F

>y = ¢e3 + c,e™

. g : a3y d?y dy
Example 2 Solve the differential equation: — — 6 — + 11 ——6y =0
dx3

Solution: = (D3 — 6D% + 11D — 6)y = 0

Auxiliary equation is: m3 —6m? + 1lm—6=0 ....... @
By hit and trial (m — 2) is a factor of D

~( May be rewritten as

m3—2m?*—4m?*+ 8m+3m—-6=0
>m?’(m—2)—4m(m—2)+3(m—-2)=0
=>(m?—4m+3)(m—-2) =0
>m-3)(m-1)(m—-2)=0

> m=1,2,3
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C.F.= c;e* + c,e? + cze3*

Since F(x) = 0, solution is given by y = C.F

=y = ce¥+ e + cze’”

Example 3 Solve (D* — 10D3 + 35D% — 50D + 24)y =0
Solution: Auxiliary equation is:

m* —10m3 +35m? — 50m+24=0 ....... @

By hit and trial (m — 1) is a factor of D

~( May be rewritten as

m* —m3 —9m3 +9m? + 26m? — 26m —24m+24 =0
>m3(m—-—1)—-9m?(m—-1)+26m(m—-1)—-24(m—-1)=0
=>(m—-1)(m3—-9m? +26m—24)=0 ...... @

By hit and trial (m — 2) is a factor of @

~(@) May be rewritten as

(m—1)(m3—-2m? —7m? + 14m + 12m —24) = 0
=>(m—-—1D[m*(m—-2)—7m(m—-2)+12(m—-2)] =0
>mMm-1DmM?*-7m+12)(m—-2) =0
>m-1D(m-3)(m—-—4)(m—-2)=0

> m=12,3,4

C.F.= cie* + c,e%* + c3e3* + ce®™

Since F(x) = 0, solution is given by y = C.F

>y = e’ + e + cged + e

3 2
Example 4 Solve the differential equation: d—J; +282 4 Dy
dx dx? dx

Solution: = (D*+ 2D? + D)y =0

Auxiliary equation is: m3 +2m?* +m =0
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>mm?+2m+1)=0

=>m(m+ 1)% =

> m=0,-1,-1

CF.=c; + (c; + c3x)e™

Since F(x) = 0, solution is given by y = C.F
>y = ¢+ (c; +c3x)e™

aty . dy

Example 5 Solve the differential equation: — >
dx dx

+y=
Solution: = (D* —2D* + 1)y =0

Auxiliary equation is: m* —2m?+1=0

=>(m?-1)2=0

= (m+ 1)%(m—1)? = 0

> m=-1,-1,1,1

CF.= (c; +cx)e™ + (c3 + c4x)e”

Since F(x) = 0, solution is given by y = C.F

=y = (cg+cx)e™ + (¢35 + cux)e”

dy+4y:O

Example 6 Solve the differential equation: % — 2 >
Solution: = (D3 —2D +4)y =0

Auxiliary equation is: m3 —2m+4 =0 ....... )

By hit and trial (m + 2) is a factor of D

~(D May be rewritten as

m3+2m? —2m?*— 4m+2m+ 4=0
=>m?(m+2)—2m(m+2)+2(m+2)=0

> (m+2)(m?-2m+2)=0

> m=-2,111i
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C.F.= c;e ™ + e*(c, cosx + c3sinx)

Since F(x) = 0, solution is given by y = C.F

>y = e ? + e¥*(c, cosx + ¢z sinx)

Example 7 Solve the differential equation: (D% — 2D + 5)2y =0

Solution: Auxiliary equation is: (m? —2m + 5)2....... @

Solving D, we get

> m=1+2i,1+2i

CF.= e*[(c; + c; x) cos 2x + (c3 + c4x) sin 2x

Since F(x) = 0, solution is given by y = C.F

=y = e*[(c; + cyx)cos2x + (c3 + cux) sin 2x]

Example 8 Solve the differential equation: (D? + 4)3y =0

Solution: Auxiliary equation is: (m? + 4)3....... @

Solving (D, we get

= m = +2i,+2i,+2i

C.F.=(c; + cox + c3x%) cos 2x + (cq + Ccsx + cox?) sin 2x

Since F(x) = 0, solution is given by y = C.F

=y = (c;+cx+c3x?)cos2x + (¢, + csx + cgx?) sin 2x
11.3.2 Shortcut Rules for Finding Particular Integral (P.1.)

Consider the equation (D)y = F(x) ,F(x) # 0
= (kgD"+ ks D" '+ ————+4+k, 1 D+ k,)y =F(x)

Then P.I = Tlm F(x), Clearly P.I. = 0 if F(x) = 0

CaseI: When F(x) = e*

Use the rule P = —— eax— L

_ ax
e trae (e =0

In case of failure i.e. if f(a) =0
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ax_ x,;ae“x ,f (@) #0

If f(a)=0,PL=x Teax f"(a) # 0 and so on

2
Example 9 Solve the differential equation: ZT — 2 + 10y = e?

Solution: = (D% — 2D + 10)y = e**
Aucxiliary equation is: m? —2m + 10 = 0
> m=1%3i

C.F.= e*(cq cos 3x + ¢, sin 3x)
Pl — = p2x _ _ - 52X D=2
= 7oy F®) = 705;¢% = 755;¢™ - by putting

— 1 2x :ier

22— 2(2)+10 10

Complete solutionis: y = C.F.+P.I

=y = e*(cy;cos3x + ¢, sin 3x) + %ezx
2
Example 10 Solve the differential equation: 3732] + % — 2y =¢e*
Solution: = (D% + D — 2)y = e*
Auxiliary equationis: m*+m—2=0
>(m+2)(m—-1)=0
> m=-2,1
C.F.= cie™® + c,e*
P.L f(D) F(x) 256 ,puttingD =1, f(1) =0
_ ; 58 ax ; _
~PI= xf(D)e - P.I.= f,(a)e if f(a)=0
— 1 .X'
=Pl =x L (1) * ff()=+0
= Pl = xer
3
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Complete solutionis: y = C.F.+P.I

xeX

>y = e +ce* + S

2
Example 11 Solve the differential equation: 2732] — 4y = sinh(2x + 1) +4*

Solution: = (D? — 4)y = sinh(2x + 1) +4*
Auxiliary equation is: m? —4 =0
> m=12

CF.= c,e®®* + c,e™%*
1 2

PI = ﬁ F(x)
= ﬁ (sinh(2x + 1) +4%)
_ D21_4 (e(2x+1)—26_(2x+1))+ D21_4 (exlog4)
w sinhx = £25" and 4% = e*log*

e 1 el 1 _ 1
— = er _ e 2x + exlog4
2D%2-4 2 D2-4 D2—4

Putting D = 2, —2 and log 4 in the three terms respectively
f(2) =0and f(—2) =0 for first two terms

e”t 1 o 1

exlog4
22D 2 2D (log4)%- 4

v P.L.=x——e™if f(a) =0

r'(@
Now putting D = 2, —2 in first two terms respectively

4X

—,

=PI = ﬂezx + ue—Zx i I — exlog4:4x

8 8 (log4)?— 4

X e(2x+1)+ e_(2x+1) 4_x
=PI = —( ) S

4 2 (log4)?— 4

X 4x eX4 X
=Pl =-cosh(2x+1) + ——— ~ coshx =

4 (log4)%— 4
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Complete solutionis: y = C.F.+P.I

4_X
(log4)%-4

>y = e+ ce™ +fcosh(2x +1) +

Case II: When F(x) = Sin (ax + b)or Cos (ax + b)
If F(x) = Sin (ax + b) or Cos (ax + b), put D? = —a?,
D3 = D2D = —a2?D, D* = (D?)? = a*,......

This will form a linear expression in D in the denominator. Now rationalize the

denominator to substitute D? = —a?. Operate on the numerator term by term
: _d
by taking D = —

In case of failure i.e. if f(—a?) =0

1

Pl =x-
f(=a?)

Sin (ax + b) or Cos (ax + b), f (—a?) # 0

If f'(—a?) = 0, P.L.= x2—
f=al) = 0.PL=x 5

Sin (ax + b) or Cos (ax + b), f'(—a®) = 0
Example 12 Solve the differential equation: (D* + D — 2)y = sinx
Solution: Auxiliary equationis: m?2 +m —2 =10

>m+2)(m—-1)=0

> m=-2,1

CF.= ce ™ + ¢y e*

P.I

oy Y Ty T D2+D—2

putting D% = —1%2 = —1

1. 3 . : .. :
PI= s 5Sinx = ——sinx , Rationalizing the denominator

. DEeshy Putting D? = —1

P.I.=%(D sin x + 3 sinx)

:%(cosx + 3 sinx)
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Complete solutionis: y = C.F.+P.I

=y = e ¥ +ce” —11—0 (cosx + 3 sinx)

Example 13 Solve the differential equation: (D% + 2D + 1)y = cos?x
Solution: Auxiliary equationis: m? +2m+1=0

(m+1)2=0

= m=-1,-1

CF.= e™*(c; + c3x)

1 1 1 14+cos2x
Pl =— F(x) = —cos?x = ( )
f(D) f(D) D%2+2D+1 2
1 1 1 1
= ————e% 4 = ——c0s2x
2 D242D+1 2 D242D+1

Putting D = 0 in the 1® term and D? = —22 = —4 in the 2" term

P.I= % =+ L CcoS 2x

2 2D-3

2D+3
4D? -32

1 1 ) .. )
=3 + 5 cos 2x, Rationalizing the denominator

1 1
= 4+ -
2 2

(2D+3) cos 2x

, Putting D% = —4
25

1 1

~P.l.=- — = (—4sin2x + 3 cos 2x)
2 50

Nowy = C.F.+P.

=>y = e *(c; +cx) + % — 5—10 (—4 sin 2x + 3 cos 2x)

Example 14 Solve the differential equation: (D% + 9)y = sin 2x cos x
Solution: Auxiliary equation is: m? +9 = 0

= m = %3i

C.F.= c¢; cos 3x + ¢, sin 3x

! F(x) =— sin2xcosx = ~— (sin 3x + sin x)

Pl.=——
f(D) f(D) 2 D249
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1 1 . 1
== sm3x+5

sin x
2 D249

D2+9
Putting D? = —9 in the 1 term and D? = —1 in the 2™ term

We see that f(D? = —9 ) = 0 for the 1* term
~Pl ==x—sin3x+ = —sinx
2 72D 2 8

1

Pl = x—
f(=a?)

Sin (ax + b) , f' (—a?®) # 0

SPI =—2cos3x + —sinx
12 16
Complete solutionis: y = C.F.+P.I
=y = ;€08 3x + c,sin3x — 1x—2cos 3x + %sinx

Case III: When F(x) = x", nis a positive integer

1

Pl =—— F(x) =
O RGARD)

1. Take the lowest degree term common from f( D) to get an expression
of the form [1 £ ¢(D)] in the denominator and take it to numerator to
become [1 + ¢(D)]?

2. Expand [1+ &(D)]~! using binomial theorem up to n™ degree as
(n+1)" derivative of x™ is zero

3. Operate on the numerator term by term by taking D = %
Following expansions will be useful to expand [1+ ¢(D)] lin ascending
powers of D

1+x)T=1—x+x2—x3+ -
A-0)"t=14+x+x*+x>+--
(14+x)2=1—-2x+3x%2—4x3+--
1—x)"2=1+42x+3x*+4x3 + -

2

Example 15 Solve the differential equation: 3732/ —y=5x—2

Solution: = (D% — 1)y =5x — 2

Auxiliary equation is: m? —1 =0
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> m=+1

CF.= cie* +ce™

P.I.:m F(X) _D2 1

(5x —2)

= (5x —2)

-(- DZ)

= —(1-D?)"1(5x — 2)

—[1+4+D?*+--](5x — 2)
= —(5x —2)
“PI=—-5x+2
Complete solutionis: y = C.F. +P.I
=y = ce*+ce*—=5x+2
Example 16 Solve the differential equation: (D* + 4D?)y = x? + 1
Solution: Auxiliary equation is: m* + 4m? = 0
= m?(m?+4)=0
=>m=0,0,+2i
CF.= (c; +c3x) + (c3 cos 2x + ¢4 sin 2x)

P:mF( ) _D4 2D?2

(x* + 1)

= (x2 +1)

D4+4D2

=——x (a2 +1)

4D2<1 —)

1 D2\

:_(1+T) 1(x2+1)

4p2

AL [

402

4;2(x +1_E)
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= (G

“PI=2(Z4+%)

4\12 ' 4
Complete solutionis: y = C.F. +P.I

4- 2
=y = (c; +c3x)+ (c3c082x 4+ c4sin2x) + (12 -+ x:)

Example 17 Solve the differential equation: (D? — 6D + 9)y = 1 + x + x2
Solution: Auxiliary equationis: m? —6m+9 =0

= (m—-3)2=0

=>m=3,3

C.F. = e3(c; + %)

Pl = f(D) F(x) = 6D+9(1+x+x)

=——— (1 +x +x?)

2D D2
9(1—?+ T)

-1
1 2D D? 2
=3 1—(?—?)> (o2 x5

= 1+(—— %2)+(%— %2)2+---](1+x+x2)

2
=1+ 2-Z @+ x+a?)

= 1+ +—+ ](1+x+x)
:1(1+x+x2+3+4—x+3)
9 3 3 3
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o

Complete solutionis: y = C.F.+P.I
=y = e (e +x) + §(§+7§+ xz)

Case IV: When F(x) = e g(x), where g(x) is any function of x

L1 ax — ,ax
Use the rule: = € gx)=e <f(D+a) g(x ))

Example 18 Solve the differential equation: (D? + 2)y = x%e3*

Solution: Auxiliary equation is: m? +2 = 0

— 53X x
(D+3)2+2

1
— ,3x x2
D2+6D+11

_(24_ D_2)+(2_|_ D_2)2_|_...]x2
11 11 11 11

3x 2
e 6D 36D
=—|1-——- — + - ]
1 11 121
3x 2
e’ 25D
[1 - — + + ] x?
11 121
3x
e 12x 50
=— (x2 ——+ —)
11 11 121
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3x
e 12x 50
Pl = —(xz ——+—)
11 11 121

Complete solutionis: y = C.F.+P.I

: 3x 12 50
=y = (c;cos(¥2x) + ¢, sin(v2 x)) + el—l(x2 — 1—1x + E)

Example 19 Solve the differential equation: (D3 + 1)y = e** sinx

Solution: Auxiliary equation is: m3 +1 =0

CF.=cie™ + 692_6 (cz cosS (? x) + c5 sin (g x))

PIL =—— F(x) = ——e%*sinx

f(D) D3+1

1 .
= e?* ————sinx
(D+2)3+1

— 52X 1 :
=e Sin x
D3+6D2+ 12D+9

2x

— 1 _sinx, Putting D% = —1
—D—6+12D+9

=e

1.
= %X sin x
11D+3

11D-3 . . .. :
= e?* 1575 SN, Rationalizing the denominator

2x
= —%(110 —3)sinx , Putting D2 = —1
e :
~PI =-——(11cosx — 3sinx)
130
Complete solutionis: y = C.F.+P.I

>y =ce*+ ez (c2 cos (gx) + c5 sin (?x))

2Xx
—%(11 cos x — 3 sinx)
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2
Example 20 Solve the differential equation: % — 4y = x sinhx

Solution: = (D? — 4)y = x sinhx
Auxiliary equation is: m? —4 =0
> m=12

CF.= c,e®* + c,e ™

1
Pl.=— F(x)
f(D)
1 .
= —— (x sinhx)
f(D)
1 eX—e™X* . eX—e™X
= X » sinhx =
D2-4 2 2
1 ( e* e‘x)
= — — X —
D%2-4 2 2
_eX 1 e ™ 1
T2 (D+1)%2-4 2 (D-1)2—4
__e* 1 e X 1
"~ 2 (D2+2D-3) 2 D2-2D-3
e* 1 e X 1

= — X —
2
2 _3(1_%_2)

3
2= @D e - -2
1+ 2)s 5 (1-2),
- 2(x+ Y+

X (ex— e‘x) 2 (ex+ e_x)
T3 2 9 2

X . 2
—gsmhx —;coshx

o
)]
Il

Complete solutionis: y = C.F.+P.I

_ x 2
>y = e*+ ce 2’“—;smhx—;coshx
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Example 21 Solve the differential equation: (D% + 1)y = x?2 sin 2x

Solution: Auxiliary equationis: m?2+1=0

>m = +i

CF.=c;cosx + c,sinx

PIL = F(x) =

f(D)

. 1 z
— Imaginary part of —— x?e'?*
g yp D241

2,i2x _ ,i2x

_ 1 .2

X
DZ+1 (D+20)2+1

; 1
—_ elzx . . xZ
D24+4i24 4iD+1

: 1
—_ ele . x2
D24+ 4iD-3

Sl ()

—— |1+ +0+
3 9

—e2X1_ D2 4iD 16i202] 2

—el2x 13D2  4iD
= 1-— + —| x?
3 | 9 3

_Li2xr

26 . 8x
= X2 —=+i—
5 9 3

:—g(c052x+isin2x) [xz —%+i8?x

= —%xcos 2x +%(26 — 9x2) sin 2x

m[1+ (B + )+ (24 @)z]xz
3 3 3

: 1 (8x 26\ .
x2el?* —— 3 (? cos 2x + (x2 — ?) sin Zx)
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Complete solutionis: y = C.F.+P.I

=y =, C0SX + C,sinx —%xCOSZx +%(26 — 9x2) sin 2x
Example 22 Solve the differential equation: (D? — 4D + 4)y = x?e?* sin 2x
Solution: Auxiliary equationis: m? —4m+4 =0
= (m — 2)?
>m=2,2
C.F.= (c; + cyx)e?*

2,2x

P.I :—F() x“e“* sin 2x

f(D) D2-4D+4

1 :
= e?¥ x? sin 2x
(D+2)2-4(D+2)+4

1 .
= e?* —x?sin 2x
D2
1 .
= e[ x?sin2x dx

— er%[(xz) (—COZS 2x) _ (Zx) (—siz Zx) + (2) (Cos82x)]

1] 1 1 . -
= ezxg[—zxz cos 2x + X sin 2x + cos Zx]

= e%* [—%fxz cos 2x + %fxsiandx+ifcostdx]

- o2 (22) - @ (<22 + ) (222
12x—cos2x2—1-sin2x4+14sin2x2

A2
~PI = e?* [i sin 2x — % cos 2x + > sin Zx]
4 2 8
Complete solutionis: y = C.F.+P.I
a2
=y = (¢c; + cpx)e? + e?* [%sin 2x — Ecos 2x + gsin Zx]
Case V: When F(x) = x g(x), where g(x) is any function of x

Use the rule — (x g(x)) xf(D) g(x) + (dD f(D)) g(x)
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Example 23 Solve the differential equation: (D% + 9)y = x cos x

Solution: Auxiliary equationis: m?2+9 =0

=>m = +3i

C.F. = (¢q cos 3x + ¢, sin 3x)

PIL = F(x) =

f(D)

D7ro)r COSX

(—1+9)2

1 .
X5 cosx+ COS X, Putting D? = —1

X COSX 2D cosx

8 64

X COSX 2D cosx

8 64

X COS X sinx
8 32

~ Pl =

Complete solutionis: y = C.F.+P.I

X COS X sinx
8 32

=y = ¢, C0s3x + ¢, sin 3x +

Example 24 Solve the differential equation:

(D? = 1)y = xsinx + (1 + x?%)e”
Solution: Auxiliary equationis: m? —1 =0
>m==x1

CF.=ce* + c,e”*

*)e*)

sin x

D
-1)2

N

. 1
D2-1 D2 (D
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. 1. ~ . . 2 _
= x—— sinx + iz Sinx, Putting D= = —1
= —%(xsinx+ COS X)

1 2\, X — X 1 2

Also o 1+x%)e*=c¢e D1 1+ x)

1
= e¥ T (1 + x?)

20(1+§) (1 +x%)

= exi(l +§)_1 (1 + x?)

[ D D? 2
_1—;+T](1+X)

=¥ — 1+x2—x+§]

2D

[ 3
=t ot -x+ 2

2

X 3x

? 3 2 2
1 . eX x3 x2 3x
s~ Pl =—=(xsinx + cosx) + —[———+—]
2 2 L3 2 2
Complete solutionis: y = C.F.+P.I

x [x3 x2  3x ]
3 2 2

1 . e
=y =ce*+ce” —E(xsmx+cosx) +=

Case VI: When F(x) is any general function of x not covered in shortcut
methods I to V above

Resolve f (D) into partial fractions and use the rule:
L — ,—ax ax
— F(x) =e % [ e™ F(x) dx

Example 25 Solve the differential equation: (D? 4+ 3D + 2)y = e®”
Solution: Auxiliary equationis: m? +3m+2 =0

>mM+1)(m+2)=0
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>m=-1,-2

CF.=cie™ + ce™®*

1 1
P.L —ﬁ F(X) —me

1
T (D+1)(D+2) €

_ 1 _ 1 eX
- ((D+1) (D+2) ) €

— X _ X
=e ¥ [eXe® dx — e % [ e*¥e® dx

ex

=e™™ [De dx — e % [e*De® dx

- X _ X X .

=e ¥e® — e 2"[e"ee — [e¥e® dx] , Integrating 2" term by parts
— X - X X

= e ¥e® — e"?¥[e¥e® — [De® dx]
= X - X X

— e X" — Zx[exee — e® ]

_ X
“ Pl = e %%e®

Complete solutionis: y = C.F.+P.I

=y =ce ¥ + e ¥ + e e

Example 26 Solve the differential equation: (D? + 4)y = tan 2x
Solution: Auxiliary equationis: m? +4 =0

=>m==12i

C.F. =c¢; cos 2x + ¢, sin 2x

1
T (D-20)(D+20)

=i( : : )taan

4i \(D—20)  (D+20)

tan 2x

Pl =— (L tan Zx) —= (L tan Zx) ....... )

D-2i 4i \D+2i
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Now #tan 2x = e?* [ e~?™ tan 2x dx
= e?™* [(cos 2x — isin 2x) tan 2x dx

sin?2x

= e?™ [(sin2x — i ——)dx

1-cos?2x
= 2le(stx—l )dx

CcoS2Xx

= eZixj(sian—isec2x+ic052x)dx

. 1 [ [
= pt% (—Ecos 2X — Eloglsec 2x + tan 2x| + Esin 2x>

1 i [
: Etan 2x =g2i& (—56‘2”‘ —%loglsec 2x + tan 2x|> ...©

Replacing i by - i

1 — p—2ix ( le )
5 Set 4o loglsec 2x +tan2x|) ...©®

Using @and @ in @

PL=— [eZi" (—%e‘zw‘ — éloglsec 2x + tan 2x|)]

41

1

- e‘Zix( . g2 4 = loglsec2x+tan2x|)]

1
41 2

1 .eZix+ e—zix
= —LTloglsec 2x + tan 2x|]
l

~PI= — i [cos 2x log|sec2x + tan 2x|]
Complete solutionis: y = C.F.+P.L

=y =, €082x + C, sin2x — i [cos 2x log|sec2x + tan 2x|]

Exercise 11A
Solve the following differential equations:

1. (D®*+D*-=5D+3)y=0 Ans. y = (c;x + ¢;)e* + cze

== —1—5 2iXIpg|sec 2x + tan 2x]| +——56_2ix10g|S€C 2x + tan le]

—-3x
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d*y dy
2. -5 +6y= e3* Ans.y = c;e®* + c,e3* + e3¥(x — 1)
d?y
3. LYo — 6y = e* cosh 2x
dx? = dx L L
Ans.y = cie 3 + c,e?* + 593’“ ——e

4. (D — 1)*(D* + 1)?y = e*
2
Ans. y = (c;x + cy)e* + (c3x + ¢4) cosx + (csx + ¢cg) sinx + %e
5. (D?— 6D +9)y = x% + 2e?*
_ 3x . 1(,2 4% 2 2x
Ans. y = (c;x +¢cy)e +;(x +?+§) + 2e

X

6. (D*+ D —2)y =x+sinx
Ans. y = c;e” % + c,e* —i(Zx +1) —1—10(cosx + 3sinx)

7. D*+D)yy=1+e")!
Ans.y =c;+ce+x—(1+ e M)log (1 +e%)

8. (D?+ 5D+ 6)y = e **sec?x (1+2tan x)
Ans.y =c,e ™ + c,e™ 3 + e" ¥ (tanx — 1)

9. —+4d—y—12y = (x — 1)e*

dx? ) )
- e** (x 9x
Ans.y = c;e?* + c,e™% + ?(? — ?)

10.%—3dy+2y 4x + e3 ,giveny:ld—y —1whenx =0

Ans.yz—%e —Zezx+2x+3+7

11.4 Differential Equations Reducible to Linear Form with Constant
Coefficients

Some special type of homogenous and non homogeneous linear differential
equations with variable coefficients after suitable substitutions can be reduced
to linear differential equations with constant coefficients.

11.4.1 Cauchy’s Linear Differential Equation

The differential equation of the form:

ko x™ 3—n+ by x™ 13 nlx +k y = F(x)
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is called Cauchy’s linear equation and it can be reduced to linear differential
equations with constant coefficients by following substitutions:

t

x=¢e" =logx=t

dy dydt _dy1l

dx  dtdx  dtx

:xﬂzﬂsz,whereD =4
dx  dt dt
Similarly x? =DM -1y, x3 = D(D — 1)(D — 2)y and so on.

Example 27 Solve the differential equation:

3£ 2 &%y dy —
xd3 3x?— +x +8y =13cos(logx),x >0 ... @

Solution: This is a Cauchy’s linear equation with variable coefficients.

Putting x = et .~ logx =t

= x Z =Dy, x =DM —-1)y and x*—==D(D —1)(D —2)y

(D May be rewritten as

(b(b-1)(D—-2)+3D(D—-1)+D+8)y =13cost

= (D3 + 8)y =13 cost , D:E

Auxiliary equation is: m3 + 8 =0
>m+2)(m?*-2m+2)=0
m=-2,1+3i
C.F.= c;e72 + et(c, cos V3t + c5 sinV3t)

= :—; + x(cz cos(v/3log x) + ¢ sin(+v/3 log x)

P.I =

(D)

— 13——cost , Putting D% = —1
-D+8

=135 cost =132 cost  Putting D? = —1
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P.I.=1E(8cost + D cost)
:%(8cost—sint)
= % (8 cos(log x) — sin(log x))
Complete solutionis: y = C.F.+P.I
>y = % + x(cz cos(\/§logx) + c4 sin(\/glog x) +
% (8 cos(log x) — sin(log x))
Example 28 Solve the differential equation:

d? d x
x27y+x—y—y =

Solution: This is a Cauchy’s linear equation with variable coefficients.

Putting x = e* .~ logx =t

W _ 2 4%y _ _
= x—== Dy, x o D(D - 1)y

(D May be rewritten as

o3t
1+e2t

(DD -1 +D -1y =

eBt'

=>D*-1)y=——,D

d
1+e2t’ dt

Aucxiliary equation is: m? —1 =0
> m==1

CF.= cie7t + c,et

—_ 4
== + CyXx
PL=—— F(x) = ——
T F(D) © D2-1 1+e2t

_ 1 e3t _1( 1 1 ) e3t
(D-1)(D+1) 1+e2t 2 \(D-1) (D+1)/ 1+e2t
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_1( 1 edt 1 e3t)
T 2\(D-1) 1+e2t  (D+1) 1+e2t

3t

_1( ¢ -t _¢© _ -t ¢ e o1 — ,—ax ax
—2(6 Jet—msdt—e"[e 1+eztdt) s——F(x) =e™™ [e™F(x) dx

zl(etf dt— et [ dt)

2 1+e2t 1+e2t

Put e?t =y = 2e?tdt = du

. = et (2 dqu— et 2~
-.P.I—4(e f1+udu € f1+udu)

— %(etlog(l +u) — e‘tf1+u_1 du)

1+u
1 _ 1
= Z(etlog(1+u) —e tf(l —m)du)
= i(et log(1+u) —e t(u—log(1+ u))
= i(et log(1+ e*) —e~t(e? —log(1 + e*"))

= i(x log(1 + x?) —i(x2 —log(1 + xz))

= %(x+i)log(1 + x?) —z

Complete solutionis: y = C.F.+P.I
>y = L24+cx+ l(x+l)log(1+x2)—f
X 2 4 X 4
1 1 1
>y = Cx—1+63x+ Z(x+;)log(1+x2) ,C3=Cp— 7

Example 29 Solve the differential equation:

x?D? —2xD—4y = x>+ 2logx, x>0 ... @
Solution: This 1s a Cauchy’s linear equation with variable coefficients.
Putting x = e! .~ logx =t

= xD = 8y, x*D* = §(6 — 1)y ,65%

~( May be rewritten as
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(66 —1)—26—4)y = e?* + 2t
= (62-35—4)y=e? + 2t
Aucxiliary equationis: m? —3m—4 =0
>Mm+1)(m—-4)=0
> m=-1,4

CF.=ce™t + c et

G, %
T ox xt
PlL=— F(x) = —— (2t + 2t)
() §2-35-4
— 1 2t 1
T 52-35-4° 52—36—42t
= o2t ¢ Z%t Putting § = 2 in the 1% term
-6 _4(1_T+3T>
-1
_et g (5_2_2)> .
6 2 4 4
i 52 )
== 1+ -2 e
6 2 4 4
_ a2t
— e 1 _E]
6 2 4
-x2 1
P.1= 2~ logx — 3]

11.4.2 Legendre’s Linear Differential Equation

The differential equation of the form:  kq,(ax + b)" STHZ +

n—-1

47y
ki (ax + b)" 1 1

is called Legendre’s linear equation and it can be reduced to linear differential
equations with constant coefficients by following substitutions:

d
et douy (@ + )+ ey = F()
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(ax + b) = et =t =log(ax + b)

dy dydt _dy a
dx  dtdx  dt ax+b

d
—aZ
dt

_d

= (ax + b) Z—i = aDy, where D = =

Similarly(ax + b)* S = a?D(D - 1)y
3 &% 3
(ax + b) = a D(D —1)(D — 2)y and so on.
Example 30 Solve the differential equation:
Bx+2)? S +3@x+2)-—36y =3x"+4x+1 ... @

Solution: This is a Legendre’s linear equation with variable coefficients.

Putting (3x + 2) = e .t =1log(3x + 2)
v _ 29% _ o2 _
= (3x + 2) = 3Dy, (3x + 2) ke 3°D(D — 1)y
Also 3x% + 4x +1 = =(9x% + 12x + 3)
=2((B0)?+232x +4—4+3)
= ~(Bx+2)2-1)
= (e - 1)
~( May be rewritten as
(9D(D — 1) + 9D — 36)y = = (e* — 1)
= 9(D? — 4)y = %(eZt ~1)

Aucxiliary equation is: 9(m? —4) =0
> m= 32

C.F.= cje™?' + c,e?t

— ! 2
= Gri2)? + c,(3x + 2)
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_ _ 1p2t _
P'I‘_fw) Bl = 9(02 4) 3( 2
et i( 1 eZt _ 1 eOt)
27 \(D?-4) (D?%-4)
_ 1 (t 2t 1 Ot) v _ . st oy @
=—(—e*" — e , Putting D = 2 in 1™ term, it is a
27 \2.2 (0 4)
case of failure - —— 2t = t——e2* also D = 0 in the 2" term.
(D2-4) '@
~PL=2(%e + 1)
27 \4

(log(3x+2) (3 n 2)2 _)

27
= % [(Bx + 2)?1log(3x + 2) + 1]

Complete solutionis: y = C.F.+P.I

=Sy= + ¢,(3x + 2)? + — [(3x +2)?log(3x + 2) + 1]

(3x+2)2

Example 31 Solve the differential equation:

(x+1)2 +(x+1) +y—251n(log(x+1)) x>—=1 ... D

Solution: This 1s a Legendre’s linear equation with variable coefficients.
Putting (x + 1) = e -~ t=log(x + 1)
5@+ 1DZ =Dy, (x+ 122X =12D(D - 1)y
dx dx
~( May be rewritten as
(D(Db—1)+D+1)y = 2sint
= (D?> + 1)y = 2sint
Auxiliary equationis: (m? +1) =0
= m=4i
C.F.= c;cost+cysint

= ¢, cos(log(x + 1)) + ¢, sin(log(x + 1))
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C1

= + ¢, (3x + 2)?

T (3x+2)2
1 1 .
PI = ) F(x) = T 2sint
:Zti sin t, Putting D? = —1 , case of failure

sint = t,;sin t
(D2+1) f (D)

=t [sintdt = —tcost
=~ PI= —log(x + 1) cos (log(x + 1))
Complete solutionis: y = C.F. +P.I
y = ¢; cos(log(x + 1)) + ¢, sin(log(x + 1)) — log(x + 1) cos (log(x + 1))
11.5 Method of Variation of Parameters for Finding Particular Integral

Method of Variation of Parameters enables us to find the solution of 2™ and
higher order differential equations with constant coefficients as well as variable
coefficients.

Working rule

Consider a 2" order linear differential equation:

1. Find complimentary function given as: C.F. = c;y; + ¢,V5,

where y; and y, are two linearly independent solutions of (D

y y
2. Calculate W = 7 1, n 2, , W 1s called Wronskian of y; andy,
1 2
_ y2F (x) _ (1 F)
3. Compute u; = — [Z =dx,u, = [ = =dx

4. Flnd PI — u1y1 + uzyz
5. Complete solution is given by: y = C.F. +P.I

Note: Method is commonly used to solve 2" order differential but it can be
extended to solve differential equations of higher orders.

2
Example 32 Solve the differential equation: % +y = cosecx
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using method of variation of parameters.

Solution: = (D% + 1)y = cosecx
Aucxiliary equation is: (m?+1) =0

> m=x=i

C.F.= c;cosx + ¢, sinx = ¢y, + ¢,y

sy, =cosx and y, = sinx

W=|)’1 }’2|_|cosx s.inx|_1
yvi'oy T B

—sinx cosx

u1=—f%(x)dx=—fsinx cosecx dx = — [ 1dx = —x

U, = f%(x)dx = [cosx cosecx dx = [ cotxdx = log|sin x|

=~ PI=wy; +upy,
= —x cosx + sinx log|sin x|
Complete solutionis: y = C.F.+P.I
=y =, €C0sX + ¢, sinx —x cosx + sinx log|sin x|
Example 33 Solve the differential equation: (D? — 2D + 1)y = e*
using method of variation of parameters.
Solution: Auxiliary equation is: (m? —2m+1) =0
>m=11
CF.= (cg+c,x)e* =cie* +cxe* =y, + 6y,

~y; =e*andy, = xe”

Y Yz e x e* o
W = ’ | — x x x| = e
yi Y2 e* xe*+ e
. Y2 F (%) . xeXeX . . x2
u = — [ =de=—[——dx= —[xdx = -

U, = fhp(x) dx = fe:ex dx = [1dx = x

w 2%
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=~ PI=wyy; +uzy,

2 2
X x
_ ex | x2 X — - ex

Complete solutionis: y = C.F. +P.I
x2
=y =(c; +c,x)e* +?ex

2
Example 34 Solve the differential equation: % + 4y = xsin 2x

using method of variation of parameters.

Solution: = (D? + 4)y = x sin 2x
Aucxiliary equation is: (m? +4) = 0

= m = +2i

C.F.= c;cos2x + ¢, sin2x = ¢,y + €5

sy, =cos2x and y, = sin 2x

_|}’1 )’z|: cos 2x sin2x|:
—2sin2x 2 cos2x

u, = —f%(x)dx = —%fxsin2 2x dx = —%fx(l—cosllx)dx

__[__ ) sm4x)_( )( cos4x)”

. [ x2  x sin4x cos4x]

8 16 64

u, = [259 gy = 2 [ xsin 2x cos 2x dx = ~ [ x sin 4x dx
w 2 4

-2 (-2 - o (-222)|

_[ X COS4x sin4x]

+
16 64

~PI=uyy; +upy,

X sin 4x cos 4x
16

] + sin 2x

X COS4x sin 4x
_ 4 sinta]

x2
= COS 2Xx [— — 4+
8 16 64
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= 1&6 (sin 4x cos 2x — cos 4x sin 2x) + 61—4 (cos 4x cos 2x + sin 4x sin 2x)

x2 x . 1 x2
——cC0S2x =—sin2x +—cos2x ——cos 2x
8 16 64 8

Complete solutionis: y = C.F. +P.I

. x . 1 x2
= Yy = ;082X + Cy sm2x+Esm2x+aC052x—?0052x

Example 35 Solve the differential equation: (D% — D — 2)y = e(¢"+3%)
using method of variation of parameters.

Solution: Auxiliary equation is: (m? —m —2) =0

> m=-1,2

CF. = cie™ 4+ ¢, e? =y, + ¢y,

2x

~y,=e *andy, = e

V1
| | - | -x 2x| — 3e*
y1' —e Ze
y,F (%) zxe(e +3%) g2% g€” 53%
u1=—dex f dx = —dex

:-%f e* e dx , Putting e* = t = e*dx = tdt

up = 1 tetdt = —1[(1?)(e) — (Bt2)(e?) + (66) (") — (6)(eV)]

eX

>u, = —%[e3x—362x+6ex—6]

e—Xo(e¥+3x%) e~Xe€¥ g3% e®
3—x dx = f3—dx fexee dx =
e eX

szyﬂ;v(x)dx:f

~PI=uyy +uzy,

-x ex 2x

= — : [e3% — 3e2* + 6e¥ — 6] + —

= % [3e* — 6+ 6e7*]

Complete solutionis: y = C.F. +P.I
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Sy=ce*+c e+ %[Sex — 6+ 6]

Example 36 Given that - y; = x and y, = l are two linearly independent

. : : : d2 d
solutions of the differential equation: x? + X —y -y =x,x#*0

Find the particular integral and general solution using method of variation of
parameters.

c " : d_ 1dy 1. _1
Solution: Rewriting the equation as: + T Y T3
Given that . y; = x and y, = i
~CF.= cay1 + 0y, =cix + Cx_z

Y Y2 x x 2
W:| / /|: - -
Y Y2 1 X

x2

[ Y2F() —_ (1 1x _ 1,1 - =

=— = =dx=[-.—.2dx=~[-dx = logx
o (WF@ o o 1x o a?
u == —dx=—[x-Sde= -7

=~ PI=wy; +uzy,

=X _x

208Xy
Complete solutionis: y = C.F. +P.I
>y=cx+ %+§10gx—§

d2
2_y_4_
dx?

Example 37 Solve the differential equation: x + 6y = x?logx
using method of variation of parameters.

Solution: This is a Cauchy’s linear equation with variable coefficients.

Putting x = et .~ logx =t

s x2 =py, =D -1y
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= Given differential equation may be rewritten as
(D(D—-1) —4D + 6)y = te?
= (D? — 5D + 6)y = te*
Auxiliary equationis: (m—2)(m—3) =0
=> m=23
CF.= cie?* + c,e3t = cyy; + ¢,y
©y, = e and y, = €3

W_|y1 y2|_|82t o3t
N 7R P

3tt€2t

u1=—f—y2;/(t)dt=—feest dt= —[tdt= —%

2t+,2t
w, = (204 = [ dt = [te~tdt = [(t)(—e™") — (1)(e™")]
=—te"t—e7t

~PI=uyy; + Uy,

2t g2t = —eZt(§+t+1)
Complete solutionis: y = C.F. +P.I

2
=y =ce?t + cyedt —e*t (t; +t+ 1)

2
ory=clx2+czx3—x2(@+logx+1)

2
= ¥ = X% + 05 X° —x?(logx)2 —x%logx,c3=¢; — 1
11.6 Solving Simultaneous Linear Differential Equations

Linear differential equations having two or more dependent variables with
single independent variable are called simultaneous differential equations and

can be of two types:
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Type 1: f1(D)x + f,(D)y = F(t) , g1(D)x + g(D)y = G(t),D =~

Consider a system of ordinary differential equations in two dependent variables
x and y and an independent variable t:

d
fiD)x + f(D)y =F(t), g:(D)x+g(D)y =G(), D =—
Given system can be solved as follows:

1. Eliminate y from the given system of equations resulting a differential
equation exclusively in x.

2. Solve the differential equation in x by usual methods to obtain x as a
function of ¢ .

3. Substitute value of x and its derivatives in one of the simultaneous
equations to get an equation in y.

4. Solve for y by usual methods to obtain its value as a function of t.

: d d
Example 38 Solve the system of equations: d—: +y =e", d—{ —x =et

Solution: Rewriting given system of differential equations as:

Multiplying D by D

= D*x+Dy=¢€t...0
Subtracting @ from (3, we get
D+ Dx=et—et ... @

which is a linear differential equation in x with constant coefficients.
To solve @ for x, Auxiliary equationism? +1 =0
>m = *i

C.F.= c;cost+cysint

1

i — 4 t -ty —_1 t_ _1 -t
Eol. = f(D) F(o) = D2+1 (ef —e™) D241 ¢ D241
= %et — %e‘t, Putting D = 1 and D = —1 in 1% and 2" terms respectively
nXx=cpcost+cpsint+-et - —eTh ®
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Using@in@):D[clcost+c25int+%et—%e‘t]+y=et
- 1t 1 -t — Lt

:[—clslnt+czcost+ze +Ee ]+y—e

:y:clsint—czcost+%et——e‘t ...... ®

(® and ® give the required solution.

Example 39 Solve the system of equations: ¢ i—f +y =0, i—f +x =0

giventhat x(1) =1, y(-1) =0

Solution: Given system of equations is:

dx
t§+y—0 ...... @
dy | _
t—+x=0 ......@,d
Multiplying D by t—
d dx
tz(tz-l-y) =0

pdix L dx L dy
S P St +t—=0 ... ©)
Subtracting @ from (3, we get

2 d%x L dx
tPstt——x=0..... @

which is Cauchy’s linear differential equation in x with variable coefficients.
Putting t = e* - logt =k

dx _ 2 &x _ _ 4
= tZ=px, t?Z=DD-Dx .D==

~ (@ may be rewritten as

DOO-D+D—-1Dx=0 ...... ®

> D?*-1)x=0

To solve ® for x, Auxiliary equationism? —1 =0
>m=+1

CF.= cief +c,e™ = ¢t + CTZ
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v . d Co _
Using ®in O = tz(clt +?) +y=0

=>c1t—c72+y=0

Also giventhatat t=1,x =1andat t =-1,y =0

Using in ®and @ ¢;+¢c, =1, ¢, —¢c; =0 =>c1:02:§

: 1.
Using ¢; = ¢; =~ in ®and D, we get

~4{e+2). y =369

Example 40 Solve the system of equations:

d?x d2y
= sin t X = cost
dt2 Ty = dt? T

Solution: Rewriting given system of differential equations as:

D?x +y =sint......D

D?y +x =cost ....0, D = %
Multiplying (D by D?

D?(D?*x +y) = D?sint

= D*x + D?y = —sint .....3
Subtracting @ from @), we get

(D* — 1)x = —sint — cost ....... @

which is a linear differential equation in x with constant coefficients.
To solve @ for x, Auxiliary equationis m* —1 =10

> m?2—-1)(m?>+1) =0

>m==1,+i

CF. =ciet + c,e™t +(c3cost + ¢, sint)

. 1. 1
Pl = f(D) F(t) = — (= = = sint — ——

cost
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Putting D? = —1 i.e. D* = 1 in 1* and 2" terms, it is a case of failure

1 . 1
“~ PI.=—t—sint — t—cost
4D3 4p3
t1 . t1 )
=-—sint+ -=cost putting D? = —1
4D 4D

= —Lcost + Zsint
4 4
. _ t _t . t .
~x = (ce* +ce”") +(cs3 cost+c451nt)+Z(51nt—cost) ....... ®
Using ®in O

= D? [clet + c,e”t + (c3cost + ¢y sint) +£(sint — cos t)] + vy =sint

t 1
=D [clet —ce t —cgsint + ¢, cost +Z(COS t +sint) + Z(sin t — cos t)]
+y =sint
t _t . t . 1 .
= [ciet + c,e —C3cost—c4smt+z(—smt+cost)+Z(cost+smt)

1
+Z(cost+sint) +y =sint

=>y=—(cet +ce ")+ (c3cost + ¢y sint) + G + %) (sint —cost) ...®

(® and ® give the required solution.

. . . d d d
Type II: Symmetric simultaneous equations of the form Fx = % = FZ
. . . . . dx dy dz
Simultaneous differential equations in the form T be solved

by the method of grouping or the method of multipliers or both to get two
independent solutions: wu =c¢;,v=c,; where ¢; and ¢, are arbitrary
constants.

Method of grouping: In this method, we consider a pair of fractions at a time

which can be solved for an independent solution.

Method of multipliers: In this method, we multiply each fraction by suitable

multipliers (not necessarily constants) such that denominator becomes zero.
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SRT dx d dz adx+bdy+cdz
If a, b, c are multipliers, then — = = = & = 22V
P Q R aP+bQ+cR

Example 41 Solve the set of simultaneous equations:

dx _ dy _ dz
(z2-2yz—y2)  (xy+zx)  (xy-zx)

Taking x,y,z as multipliers, each fraction equals

xdx+ydy+zdz __ xdx+ydy+zdz

(xz2-2xyz—-xy%+ xy2+xyZ+xyZ—%22) 0

= xdx +ydy +zdz =0

2

2
Integrating, we get x? +

2

y zZ
+_:C,1
2

2
1* independent solution is: u = x% + y2 + z%2 =¢;...... @

Now for 2™ independent solution, taking last two members of the set of

. dy dz
equations: =
x(y+z) x(y-z)

= (y—2z)dy =y +2z)dz
= ydy — (zdy + ydz) — zdz =0
= ydy —d(yz) — zdz =0

Integrating, we get

(D and @ give the required solution.

Exercise 11B

Q1. Solve the following differential equations:
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dx 3x—+4y (1+ x)?
2
Ans. (y = (¢; + ¢, logx)x? + % + 2x + x?(log x)?)
on zd y _
11. >+ 4x + 2y = e*

Ans. <y:;+x_2+x_2)

ii.  (2x+ 3)2 — (2x+3) 2 — 12y = 6x
3+v/57 3—/57
Ans. (y =c¢c;(2x+3) + +c,2x+3) =

—=(2x +3)+2)
iv.  (x+ 1)2 + (x + 1) —ty=4 cos(log(x + 1))

Ans.(y = c1 cos(log(x + 1)) + ¢, sin(log(x + 1)) + 2log(x +
1.siogx+1

Q2. Solve the following differential equations using method of variation of
parameters

d2
+ vy = xsinx
dx2 y =

. 1 X . x>
Ans. (y = ¢, cosx + ¢, smx+§cosx+—smx——cosx)

ii. (D2 —1)y = e **sine™™
Ans. (y = c,e* + c,e™ —sine™ —e* cose™)
iii. (D? —2D)y = e*sinx
1 .
Ans. (y = ¢; + c,e?* — ~e*sinx)
iv &y _ 2 = e*logx
) dx?

Ans: (y = ¢; + c,e? + %e"(z log x — 3))

Q2. Solve the following set of simultaneous differential equations

. dx . d_y_ . .
1. d——7x+y 0, 5 2x—5y=0

Ans:(x = e®(c; cost + ¢, sint),y = e®(c; —cy) cost + (¢; + ¢,)sint) )

ii. D+Dx+@D+1D)y=et, D-Dx+D+1y=1
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Ans:(x = cjet + c,e7? + 2e7t, y = 3¢ et + 2c,e72 + 3e7h)

dx _ dy _ dz
(z2-2yz-y?)  (xy+zx)  (xy-zx)

1ii.
Ans:{xy —z =c¢;, x* —y*+ 2% =¢,)

11.7 Previous Years Solved Questions
QI.Solve (D> + D +1)2(D—-2)y=0

(Q1(h), GGSIPU, December 2012)

Solution: Auxiliary equationis: (m? +m+ 1)?(m—2)y =0.......

Solving D, we get

S m=2—t4B; 140y,
2 2 2 2

CF.= cie®* + e%x[(cz + 3 %) cos?x + (c4 + csx) Sin?x
Since F(x) = 0, solution is given by y = C.F
>y = ¢e**+ e_Tx[(c2 + ¢35 x) cos?x + (¢4 + csx) sin?x
Q2. Solve (D? — 1)y = coshx cosx

(Q8(b), GGSIPU, December 2012)
Solution: Auxiliary equation is: m* —1 =0
> m=+1

CF.= cie* + c,e™

1
Pl =— F(x)
f(D)
1 eX+e™* eX+e™*
== CoS X w coshx =
D2-1 2 2
1 e* e™*
=——|=cosx +—cosx
D2-1\2 2
ex e 1
=———C0SX +————C0SX
2 (D+1)%2-1 2 (D-1)%-1
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cos x Putting D? = —1

= —%(ZD + 1) cosx +i—0_x(2D —1)cosx Putting D? = —1

e—x

= —i—o(—Zsinx+cosx)+ (—2sinx — cos x)

10
e* . e * .
~PL=— (2sinx — cosx) — - (2 sin x + cos x)

Complete solutionis: y = C.F.+P.I

- eX . e * .
>y = ¢ e*+ ce x+5(251nx—cosx)—T(Zsmx+cosx)

2
Q3. Solve % + 4y = 4 tan 2x by the method of variation of parameters.

(Q9(a), GGSIPU, December 2012)
Solution: = (D% + 4)y = 4 tan 2x
Auxiliary equation is: (m? +4) =0
= m = +2i
C.F.= c;cos2x + ¢, sin2x = ¢y, + ¢,¥5

s y; = cos2x and y, = sin 2x

Y1 Y2 | cos2x sin2x | _
W= |}’1’ 3’2'| ~ 1-2sin 2x 2c052x| =2

_ _ (Y __4 . — sin? 2x
w =— [ =de=—-[sin2xtan2x dx = =2 [——=d

2
—2 [ 22X gy = —2 [(sec 2x — cos 2x) dx

COS2x

=-2 Eloglsec 2x + tan 2x| — isin Zx]
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= [sin 2x — log|sec 2x + tan 2x|]

u, = fyﬂ];/(x)dx =%f4tan2xc052x dx = 2 [ sin2x dx

= —Cos2x
~PI=wy; +upy,
= cos 2x [sin 2x — log|sec 2x + tan 2x|] — sin 2x cos 2x
= —cos 2x log|sec 2x + tan 2x|
Complete solutionis: y = C.F. +P.I

= y = ¢, €0S 2x + ¢, sin 2x — cos 2x log|sec 2x + tan 2x|

: d d
Q4. Solve the system of equations: d—: +x =y+et, d—jt] +y =x+et

(Q9(b), GGSIPU, December 2012)

Solution: Rewriting given system of differential equations as:
D+Dx—y=et..... @

MD+1Dy—x=¢€t....0, D E%
Multiplying D by (D + 1)
=>{D+1*x—(D+1y=(D+1)et
(D?2+ 2D+ Dx— (D + 1)y = 2e*....0
Adding @ and ), we get

(D% + 2D)x = 3et ....... @

which is a linear differential equation in x with constant coefficients.
To solve @ for x, Auxiliary equation is m? + 2m = 0
>m=0,-2

CF.= ¢; +c,e™*

__1 — 1 t
PL=~=F(t) =35e
=et Putting D = 1

X =ctce et ®
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Using ®in O = D[c; + c,e™? + et +¢; + e ™ +et —y = et

= —2c,e % +et+c  tce ™t —y=0

® and ® give the required solution.

3x

Q5. Solve by method of variation of parametersy " — 6y ' + 9y = ex—z

(Q8(a), GGSIPU, December 2013), (Q3(b), GGSIPU, 2"*term 2014)
Solution: Auxiliary equationis: m? —6m+9 =0
(m—3)2=0
= m=3,3
CF.= (¢c; + c,x)e3* = ce® + c,x e3* = ¢y, + 6,9,

~y; =e* and y, = xe3*

W = / 1| = = e
|)’1 V2 | 3e3* 3xe3* + e3*
Y2 F (%) xe3%e3X 1
w =—[Zomde = — [ = —[-dx= —logx
y F(X) e3x 3x 1
2 ==, dx=fx26xdx—f dx = —~
~PI=uy; +upy,
= —e3*logx — e3* = —e3*(1 + log x)
Complete solutionis: y = C.F. +P.I
=y = (c; + cpx)e3* —e3* (1 + log x)
Q6. Solve the differential equation: —= + 2Ly + e?* + sin 2x

dx?

(Q8(b),GGSIPU, December 2013)
Solution: = (D3+ 2D? + D)y = e?* + sin 2x

Auxiliary equation is: m3+ 2m? +m =0
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=>m(m?*+2m+1) =0
>m(m+1)%2=0
= m=0-1,-1

CF.=c; + e™*(c; + c3x)

_ 1 — 1 (e2% 4 g
Pl = B F(x) = —SrapoD (e** + sin 2x)

. — ———sin 2x
D3+ 2D2%2+D D3+ 2D2+D

1 o

1 . : : :
= —e?* + ————sin 2x, putting D = 2 in 1* term, D? = —4 in the 2" term

18 —4D—-8+D

1 3D-8 . 1 3D-8
= 2x sin 2x = —e?¥

18 - (3D+8)(3D-8) 18 B (9D2-64) sin 2x

1
—e
18

2 4 — (3D — 8)sin 2x
= 1—1862" + %O (6cos2x — 8sin2x)
Complete solutionis: y = C.F. +P.I
>y =c¢ + e (¢, +c3x) + 1—1862" + T?o (6cos2x — 8sin2x)
Q7. Solve (D?—2D + 1)y = xe* cosx
(Q8(a), GGSIPU, December 2014)
Solution: Auxiliary equationis: m? —2m+1=0
= (m —1)?
>m=1,1
CF.=(c; + c3x)e”

PI =—— F(x) = L xe*cosx

f(D) D2-2D+1

1
(D+1)2-2(D+1)+1

—

X COS X

x 1
=e"—=XCosXx
D2
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1
= e*— [ xcosxdx

ex

[(x)(sinx) — (1) (= cos x)]

1
D
= ex%[xsinx + cos x]
= e*[[ x sinx dx + [ cos x dx]
= ex[[(x) (—cosx) — (1) (—sinx)] + sin x]
~PI = e*[—x cosx + 2 sin x]
Complete solutionis: y = C.F.+P.I

=7y =(c; + cyx)e* + e*[—x cosx + 2 sin x]

L

Q8. Solve by M.O.V.P. ™

—2%+y = e”*logx
(@8(b),GGSIPU, December 2014)
Solution: Given differential equation may be rewritten as
(D* = 2D + 1)y = e*logx
. Auxiliary equation is: m? —2m+1 =0
= (m — 1)?
>m=1,1

CF.=(c; + c;x)e* = c1y; + ¢y,
~y; =e*and y, = xe*
e* x e*

eX xe*+ e*

2x

W = |)’1, 3’2’| _
yi Y2

u1=—f%(x)dx=—fxe:%dx: — [ xlog x dx

[xlogxdx =1 = [(X)(XIng_x) - (I _g)]
v [logxdx = xlogx — x

=>ZI:x210gx—x2+x?
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=>1=[xlogxdx = glogx—é

x2 le
SU =—— —109X
1 2 5 108

:fylF(X)dX:fe e logx

dx = [logxdx = xlogx —x

~Pl= (xT — x?log x) e* + (xlogx — x)xe*

2 2
= e* (xr— %logx + x?log x — xz)

2
2o (logx -
Complete solutionis: y = C.F. +P.I
=y = (c; + cx)e* +xz—2ex(logx —%)
Q9. Solve (D — 1)*(D +1)* = sin®~+ e + x
(Q1(a), GGSIPU, December 2015)
Solution: Auxiliary equationis: (m —1)?(m+ 1)2 =0
> m=11-1,-1

CF.= (c; +cyx)e* + (c3 + cyx)e™

1 . 9 X
Pl = ()——51n2—+ex+x
f(D) (D-1)(D+1))? ( 2 )
1 1 1
=—-——(1—cosx)+———e* +—x
2D4 2D2+1( ) D*—2D241 D*—2D241
1 1 g 1 1 1 - 1
-—— e ————————(COS X+ —— e+ —Xx
2D%=-2D2%2+1 2D*=2D2+1 D*—2D2%2+1 D*—2D241
1 1 1 )
Now - e% == puttinge D = 0
2D*-2D%+1 7 * P &
1 1 ) 2
Also = ————os x = = COS X putting D* = —1
2D*-2D2%241 8
) 1 1 ) )
Again ———— e* = x e* as f(1) = 0, a case of failure 2 times
g D*—2D2+1 4D3-4D f( ) ’
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) 1 x _ x°

= X s _
Xt e =75 e, putingD =1
A —1 — ; — 4 2N\1—-1 —
fid D*—2p241 1+(D4—2D2)x [1+ @ 2D x =x

1 1 x2
~Pl==—=cosx+=—¢e*+x
2 8 8

Complete solutionis: y = C.F.+P.I

2
=y = (¢ +cx)e* + (c3 +cux)e™ —écosx+% e* +x+%

2
Q.10 Solve x2 % — 4x% + 6y = x*sinx

(Q3(b),GGSIPU, December 2015)
Solution: This 1s a Cauchy’s linear equation with variable coefficients.

Putting x = et .~ logx =t

v _ 2y _ _
S x—= Dy, x ™ a D(D - 1)y

~ Equation may be rewritten as
(D(D—1)—4D + 6)y = e** sinet

= (D?> —5D + 6)y = e**sine’, DE%

Aucxiliary equationis: m?* —5m+6 =0
>m-2)(m-3)=0
=> m=23
C.F.= c,e? + c,e3t

= ¢ x% + cpx3

1
D2-5D+6

1 .
Pl =— e*t sin et

~ f(D)

F(x) =

1 .
= et sin et

(D+4)2-5(D+4)+6

4 sinet = e*'————sinet
D2+43D+2 (D+1)(D+2)
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. 1
sinet —
(D+1) (D+2)

=g [ = ] sinef=e* [
(D+1)  (D+2)

—e*[et [etsinet dt — e~ 2t [ e?tsinet dt]

oo 1
" (D+a)

F(t) = e % [ e®F(t)dt

= e*t[e ! (—coset) — e %t (—et cos el + sine’]

sin et]

Solving the two integrals by putting e* = u, - etdt = du

s P.I=—e?sinet= —x?sinx
Complete solutionis: y = C.F.+P.I

=y = ;X% + cx3 —x?sinx
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